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Abstract. For a few quadratic fields, the non-existence is proved of continuous 
irreducible mod 2 Galois representations of degree 2 unramified outside {2,oo}. 

1. Introduction 

In this paper, we prove the following theorem, which settles some special cases of 
versions (cf. Conj. 1.1 of [3J, Conj. 1 of [11] and Question 1 in Sect. 5 of [5]) of Serre's 
modularity conjecture ([T51. [15] ) for a few quadratic fields: 



Theorem. Let F be one of the following quadratic fields: 
Q(v / 2), Q(v / 3), Q(v / 5), Q(v /Z T), Q(v^=2) 

Then there exist no continuous irreducible representations p : Gf — > GL2(F2) unram- 
ified outside {2, oo}. 

Here, Gf denotes the absolute Galois group Gal(F/F) of F, and F 2 is an algebraic 
closure of the finite field ¥2 of two elements. 

The proof is based on the method of discriminant bound as in [17], [14], [1], [7], 
[8], [2]. However, we need to improve the known upper bounds at the prime 2. This 
is done in Section 2. The proof of the Theorem is given in Section 3. 

It is desirable to have such a theorem for mod p representations for other primes 
p, but this seems impossible at least by our method. 

Acknowledgments. The writing of this paper was greatly encouraged by "Ecole d'ete 
sur la conjecture de modularity de Serre", Luminy, 9-20, July, 2007. We thank its 
organizers, especially J.-M. Fontaine, and speakers for their big efforts. We thank 
also A. Ash, F. Diamond, C. Khare, K. Klosin, T. Saito, J.-P. Serre and R. Taylor for 
their information on the literature on various versions of Serre's modularity conjecture 
and/or comments on the first version of this paper. 

Convention. For a finite extension E/F of non- Archimedean local fields, we denote by 
T>e/f the different ideal of E/F. The 2-adic valuation t>2 is normalized by t>2(2) = 1, 
and is used to measure the order of ideals (such as T>f/f) in algebraic extensions of 
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the 2-adic field Q2. We denote by (* *) and i 1 I) respectively the subgroups {(g ^)} 
and{(J5)}ofGL 2 (F 2 ). 

2. Local lemmas 

Let F be a finite extension of Q2, D = Gf its absolute Galois group, and I its inertia 
subgroup. In this section, we consider mod 2 representations p : D — > GL 2 (F 2 ) of D. 
Let E/F be the extension cut out by p. We shall estimate the different V E / F oi E/ F. 
Let £0 (resp. Ei) be the maximal unramified (resp. tamely ramified) subextension of 
E/F, and let e\ = [E\ : E ] be the tame ramification index of E/F. Then we have 
T^e/f = 'De/e 1 'De 1 /e , and v 2 ('De 1 /Eo) = (1 — l/e 1 )/e i ?, where is the ramification 
index of -F/Q 2 . Thus it remains for us to calculate T>e/Ex- We assume E/F is wildly 
ramified, with wild ramification index 2 m . Then the wild inertia subgroup G\ of 
G := Im(p) is a non-trivial 2-group and, after conjugation, we may assume it is 
contained in ( x \). Since G\ is normal in G and the normalizer of G\ in GL 2 (F 2 ) is 
(* *), we may assume that p is of the form 



(2.1) 



ipi * 
^2 



where ipi : D — > F 2 are characters of D. Note that the ^'s have odd order, so that 
they are at most tamely ramified. 

Lemma 1. Let the notation be as above. Assume further that F/Q 2 has ramification 
index 2. If E/F has ramification index 2 m (i.e. if t\ = 1), then there exists a non- 
negative integer m 2 < m such that 

I _ an d m 2 < m — 1; or 
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2 m 2+l 



V2(D E /f) 

If p is non-abelian, then the former case does not occur. 



Here, we say p is (non-)abelian if the group Im(p) is (non-)abelian. 

Proof. By assumption, we have E\ = Eq and the characters ipi are unramified. By 
local class field theory, the Galois group G\ = Gal(E/Ei), which is an elementary 
2-group, is identified with a quotient of the group (1 + nA)/{\ + nA) 2 , where A is 
the ring Oe 1 of integers of Ei, 7r is a uniformizer of A, and (1 +nA) 2 is the subgroup 
of the square elements in the multiplicative group (1 + irA). The character group 
X = Hom(Gi,C x ) ofGi is identified with a subgroup of Hom((l+7rA)/(l+7rA) 2 , C x ). 
The subgroup X; L of X consisting of the characters with conductor dividing 7r l is 
identified with a subgroup of Hom((l + vrA) x /(l + ttM)(1 + tvA) 2 , C x ). It is easy to 
see that 

{1} = X 1 C X 2 = X 3 C X 4 C X 5 = X. 
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Indeed, the equality X 2 = X 3 follows from the fact that (l+n 2 A) = (1+tc 3 A)(1+ttA) 2 , 
and the equality X 5 = X follows from the fact that (1 + it 5 A) C (1 + tcA) 2 ; cf. the 
proof Lemma 2.1 of [7J. Just as in [IT] , we can show that the index (X 5 : X 4 ) is 1 
or 2, since the image of (1 + tc a A) in (1 + ttA)/(1 + ttA) 2 has order 2. To see this, 
consider the equation 

(2.2) l + avr 4 = (1 + xtt 2 ) 2 

for a given a G A x and unknown x G A x . If 2 = cir 2 with c G A x , then the equation 
(12.21) has a solution x if and only if the congruence 

cx + x 2 = a (mod ir) 

has a solution. Since the F 2 -linear map p : A/nA —>■ A/ttA given by x i— > ca; + x 2 has 
dim Fa Coker(p) = 1, the equation (12.21) has a solution for "half of the a's. 

By assumption, X 5 has order 2 m . Suppose X 2 has order 2" 12 . Then the 2-adic 
order of the different T>e/f = '^ > e/e 1 can be calculated as follows by using the 
Fuhrerdiskriminantenproduktformel ([12j, Chap. VI, §3): 
(1-i) If (X 5 : X 4 ) = 2, then 

v 2 (V E/F ) = i ~ ((2 m - 2™- 1 ) x 5 + (2" 1 - 1 - 2" 12 ) x 4 + (2" 12 - 1) x 2) 

9 2 m2 + 1 
_ 4 2 m 

(1-ii) If (X 5 : X 4 ) = 1, then 

i i 9" 12 -I- 1 

v 2 (V E/F ) = - • — ((2 m -2 m2 )x4+(2 m2 -l)x2) = 2--^. 

Let ^ be the characters in ( 12. ip . If p is non-abelian (or equivalently, if 7^ ^2 as 
characters on D), then Gal(Eo/F) = G/G\ acts on G\ (identified with a subgroup 
of ( x *)) via ipi^p^ 1 ( c ^- [12]) Proof of Prop. 2.3). This induces a similar action on 
X which respects the filtration Xj. Each orbit by this action has odd cardinality 
llm^i^f )|, while X 5 \ X 4 has 2-power cardinality if it is non-empty. Thus we must 
have X 5 = X 4 , and we are in the case (1-ii) above. □ 

Specializing the F/Q 2 , we calculate the value of v 2 {V E / F ) more precisely as follows: 

Lemma 2. Assume F/Q 2 is a totally ramified quadratic extension. Then the exten- 
sion E/F has ramification index 2 m . If p is non-abelian, then there exists a non- 
negative integer m 2 < m such that 

2«i2 _|_ 1 

v 2 {V E/F ) = 2 — — . 
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If p is abelian, then we have m < 3 and V2{T> E / F ) < 15/8. In fact, more precisely, 
we have: 

{15/8 ifm = 3, 

7/4, 3/2 or 5/4 ifm = 2, 
5/4, 1 or 1/2 i/m = 1. 

Proof. F/Q2 being totally ramified, any abelian extension of F has no non-trivial 
tame ramification since F is a pro-2 group. Thus the characters ipi m (12.11) are 
unramified, and E/F has ramification index 2 m . 

If p is non-abelian, then V2{T> F / F ) has the second value in Lemma [H If p is abelian 
(or equivalently, if ip\ = ip2 as characters on D), then G\ is identified with a quotient of 
O f /{Op) 2 . The group Op/ {Op) 2 has order 8. The different is the largest in the case 
where G x ~ O f /{O f ) 2 , in which case m = 3, {X 5 : X 4 ) = (X 4 : X 3 ) = (X 2 : X x ) = 2, 
and 

^ 2 (^/f) = i4( 4x5 + 2x4 + lx2 ) = T- 

z o o 
Other cases can be calculated similarly. Note that (Xi+i : Xj) = 1 or 2 since the 
residue field of Op is F 2 . □ 

Recall that ei = [E x : E'o] denotes the tame ramification index of E/F. 

Lemma 3. If F/Q 2 is the unramified quadratic extension, then we have e\ = 1 or 3. 
If p is non-abelian, there exist non-negative integers m 2 < m 4 < m such that 



;••> , 1 - > 1 if e i 1 

V2\^E/F) — \ 8 2 m 4+2 m 2+1 



1 _ 

1 

7n 1 if Cl = 3. 



3 3-2" 

If p is abelian, then m < 3 and ^("De/f) — 35/12. In /act, more precisely, we have: 

{35/12 ifm = 3, 

8/3 or 13/6 »/ m = 2, 
13/6 or 5/3 if m = 1, 

if e\ = 3. //ei = 1, taen t/ie values of v^{/Pe/f) are the above values minus 2/3. 

Proof. By local class field theory, the characters ^ in (12. ip are identified with char- 
acters of F X /{1 + 20 F ) X . Since F /{1 + 20 F ) X ~ F4 , the tamely ramified extension 
E\/Eq has degree either 1 or 3. 

As in the proof of Lemma [T], identify the Galois group G\ = Gdl{E / ' E\) (resp. the 
character group X = Hom(Gi, C x )) with a quotient of (1 + irA)/(l + ttA) 2 (resp. a 
subgroup of Hom((l + nA)/{l + ttA) 2 ,C x )), where A = El and tc is a uniformizer 
of A. Let be the subgroup of X consisting of the characters of G\ with conductor 
dividing it 1 . 

If ei = 1, then the value of V2{T> E /p) can be calculated as in Proposition 2.3 of 
[TO] ; we have {1} = X x C X 2 C X 3 = X and (X 3 : X 2 ) < 2. If p is abelian (i.e. 
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V'l = ^2), then X is in fact identified with a subgroup of the character group of 
(1 + 20 F )/(1 + 20 F ) 2 , and one has (X 2 : X t ) < 4 since F has residue field F 4 . Thus 
IX3 1 < 8, and 



(2.3) 



V2(T>E/f) 



f !(4x3 + 3x2) = f 
\{2 x 3 + 1 x 2) = 2 or 



K3 x 2) 



4 

- or - 

2 U1 2 



if m 

if m 
if m 



2. 
1. 



If p is non-abelian (i.e. ipi 7^ ^ 2 ) ; then as in the last part of the proof of Lemma [T], 
we have X 3 = X 2 , and hence 

i''2 (£>/';/ /•) 



((2 m - 1) x 2) 



Assume e% = 3. Then as in the proof of Lemma [fl one can show that 

{1} = X x C X 2 = X 3 C X 4 = X 5 C X 6 C X 7 = X, 

with (X 7 : X 6 ) = 1 or 2. By assumption, X 7 has order 2 m . Suppose |X 2 | = 2 m2 and 
IX4 1 = 2 mi . If p is abelian, then X is identified with a subgroup of the character group 
of (1 + 20 F )/(1 + 20 F f (so Xx = X 2 and X 5 = X 6 ), and v 2 (V E/El ) is calculated 
to have the same values as in (12. 3p . Adding the tame part v 2 (V El / Fo ) = 2/3, we see 
that v 2 {T> E / F ) has the values as in the statement of the lemma. If p is non-abelian, 
then as in the former case, we have X7 = Xq, and hence 



v 2 {V 



El E X , 



-•-«2 

3 2 m u 



2 m4 ) x 6 + (2 m4 

2 m 4 _|_ 2^2 _|_ 1 



2" 12 ) x 4 + (2 m2 - 1) x 2) 



3 • 2 m ~ 1 

Adding the tame part, we obtain 

V2{T>E/f) 



2 m 4 _|_ 2 ni2 _|_ I 



3 ■ 2 



m—l 



□ 



3. Proof of the Theorem 

Suppose there were a continuous irreducible representation p : G F — ► GL 2 (F 2 ) 
unramified outside {2, 00}. Let X/F be the extension cut out by p and G = Im(p) 
its Galois group. As in [17], we distinguish the two cases where G is solvable and 
non-solvable. 

First we deal with the solvable case. If G is solvable, then it sits in an exact 
sequence 

1 -> H -> G -> Z/2Z -> 1, FcF 2 x xF 2 x , 
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as in Theorem 1 in §22 of [16]. Hence K is an abelian extension of odd degree, 
unramified outside {2, oo}, over the quadratic extension K'/F corresponding to H. 
By using class field theory and noticing that Q(a/3) has narrow class number 2 (resp. 
Q(v— 5) has class number 2), we can show that, for each F = Q(v / 2), Q(\/3), Q(\/5) 
(resp. F = Q(v / ^T), Q(v / ^2), Q(v^3), Q(v /= 5)), there are 7 possibilities (resp. 3 
possibilities) for such K' . By examining Jones' tables [Bj, we find them as follows: 
If F = Q(y/2), then 
K' = a 



If F 

K' = 
If F 

K' = 
If F 
K' = 
If F 
K' = 
If F 
K' = 
If F 
K' = 



±V2), 
Q(V3), then 

V / T±73), 
Q(\/5), then 



1± V2), 



■1 



-1± V3), 



1± V5)/2 
/— 1), then 

-2,\ 
£3) 

-3,\ 

/=5) 



-i± VE), 



2 + V2), Q(V2 + \/2); 
Q(v / 3,v / ^2), Q(v / 3,v / 2); 
T), Q(v / 5,v / 2), Q(v / 5,v / ^2) 



-5, 



, then 
, then 

/ -T)> 

, then 



Q( v / ±v / =2); 
Q(>/=3, V2), 
Q(v^5, V2), 



All these X' have class number either 1 or 2. Let Ok> 



O 



K> 



Zo denote the 



K>2 



2-adic completion of the integer ring Ok 1 of K' . Then its multiplicative group O 
is isomorphic to the direct-product of Zf 4 and a cyclic group of order dividing 12 
(A non-trivial 3-torsion subgroup appears only if K' contains Q(V — 3) or Q(v / 5))- 
Thus there can exist an abelian extension K/K' of odd degree at most 3. But in each 
case, the 3-torsion subgroup of Og, 2 is killed (when the reciprocity map is applied) 

by the global unit Cs = (-1 + v / ^3)/2 or e 2 = (3 + y/E)/2 (N.B. The latter is totally 
positive). Thus there is no abelian extension K/K' of odd degree unramified outside 
{2,oo}. 

Next we prove the non-solvable case. This is done by the comparison of the Tate 
and Odlyzko bounds for discriminants. We denote by dx/q the discriminant of K/Q, 

and d][ n = |rfjf/Q| 1//n the root discriminant of K, where n = [K : Q]. By the Odlyzko 
bound [9], we have 



d 



l/n 
K 



> 



17.020 
20.895 



if n > 120, 
if n > 1000. 
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If G = Gal(K/F) is non-solvable, then n 
Lemmas [2] and [31 we have 

'2V2-2 2 < 11.314 
2V3-2 2 < 13.857 
v/5-2 35 / 12 < 16.885 
2-2 2 = 8 



2\G\ > 120. On the other hand, by 



d 



1/n 
K 



< < 



2^2 -2 2 < 11.314 
v/3 - 2 35 / 12 < 13.079 
2y/h-2 2 < 17.889 



if F 
if F 
if F 
if F 
if F 
if F 
if F 



Q(V2), 
Q(V3), 



-i), 

2) , 

3) , 
5). 

Thus we have a contradiction in all cases but F = Q(a/— 5). To deal with the last 
case, let 2 m be the wild ramification index of K/F at 2. Then the 2-Sylow subgroup 
of G has order > m. If m < 2, then by Lemma [2] applied to a 2-adic completion of 
K/F, we have v 2 ('D K / F ) < 7/4, and hence 

c4 /n < 2V/5-2 7 / 4 < 15.043, 

which contradicts the Odlyzko bound. If m > 3, then by §§251-253 of [1], the image 
of G in PGL 2 (F 2 ) contains a conjugate of PSL 2 (F 8 ), which has order 504. Hence 
the Odlyzko bound applies with n = 2\G\ > 1000, whence a contradiction in the 
remaining case as well. □ 
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